Abstract. The purpose of this work is to provide a common combinatorial framework for some of the analogues and generalizations of Kazhdan-Lusztig R-polynomials that have appeared since the introduction of these remarkable polynomials (e.g., parabolic Kazhdan-Lusztig R-polynomials, Kazhdan-Lusztig R-polynomials of zircons, and Kazhdan-Lusztig-Vogan polynomials for fixed point free involutions).
Kazhdan-Lusztig R-polynomials of the refined pircon. Note that, in general, Kazhdan-Lusztig Rpolynomials do depend on the refinement of the pircon P . When P is a refined zircon, a diamond, or a Coxeter group (partially ordered by Bruhat order), the two families {R q u,v∈P (q)} and {R −1 u,v∈P (q)} coincide, and are actually the Kazhdan-Lusztig R-polynomials of P as a refined zircon, a diamond, or a Coxeter group, respectively. When P is the set of minimal coset representatives of left cosets of a parabolic subgroup W J in a Coxeter group W , the two families {R q u,v∈P (q)} and {R −1 u,v∈P (q)} are the parabolic Kazhdan-Lusztig R-polynomials of type q and −1, respectively. When P is the set of twisted identities of the symmetric group S 2n , the two families {R q u,v∈P (q)} and {R −1 u,v∈P (q)} are the Kazhdan-Lusztig R-polynomials and Q-polynomials for fixed point free involutions.
Notation, definitions and preliminaries
This section reviews the background material that is needed in the rest of this work. We follow [19, Chapter 3] and [3] for undefined notation and terminology concerning, respectively, partially ordered sets and Coxeter groups.
2.1. Special matchings and special partial matchings. Let P be a partially ordered set (poset for short). An element y ∈ P covers x ∈ P if the interval [x, y] coincides with {x, y}; in this case, we write x ✁ y as well as y ✄ x. If P has a minimum (respectively, a maximum), we denote it by0 P (respectively,1 P ). The poset P is graded if P has a minimum and there is a function ρ : P → N (the rank function of P ) such that ρ(0) = 0 and ρ(y) = ρ(x) + 1 for all x, y ∈ P with x ✁ y. (This definition is slightly different from the one given in [19] , but is more convenient for our purposes.) The Hasse diagram of P is any drawing of the graph having P as vertex set and {{x, y} ∈ P 2
: either x ✁ y or y ✁ x} as edge set, with the convention that, if x ✁ y, then the edge {x, y} goes upward from x to y. When no confusion arises, we make no distinction between the Hasse diagram and its underlying graph.
A matching of a poset P is an involution M : P → P such that {v, M(v)} is an edge in the Hasse diagram of P , for all v ∈ V . A matching M of P is special if
for all u, v ∈ P such that M(u) = v.
The following definitions are taken from [16] , [2] , and [1] , respectively. Given a poset P and x ∈ P , we set P ≤x = {y ∈ P | y ≤ x}. Definition 2.1. A poset Z is a zircon provided that, for every non-minimal element x ∈ Z, the order ideal P ≤x is finite and admits a special matching. Definition 2.2. Let P be a finite poset with1 P . A special partial matching of P is an involution M : P → P such that
• M(1) ✁1,
• for all x ∈ P , we have M(x) ✁ x, M(x) = x, or x ✁ M(x), and
• if x ✁ y and M(x) = y, then M(x) < M(y).
Definition 2.3.
A poset P is a pircon provided that, for every non-minimal element x ∈ P , the order ideal P ≤x is finite and admits a special partial matching.
The terminology comes from the fact that a special partial matching without fixed points is precisely a special matching and the fact that pircons relate to special partial matchings in the same way as zircons relate to special matchings. Connected zircons and pircons are graded posets (the argument for the zircons in [13, Proposition 2.3] applies also to pircons). We always denote the rank function by ρ.
Given a poset P and w ∈ P , we say that M is a matching of w if M is a matching of P ≤w , and we denote by SP M w the set of all special partial matchings of w. Hence, if P is a pircon then SP M w = ∅ for all w ∈ P \ {0 P }. In pictures, we visualize a special partial matching M of a poset P by taking the Hasse diagram of P and coloring in the same way, for all x ∈ P , either the edge {x, M(x)} if M(x) = x, or a circle around x if M(x) = x. An example is in Figure 1 , where the special partial matching is colored in dashed black and fixes only the bottom element0 P . Lemma 2.4 (Lifting property of special partial matchings). Let P be a finite poset with1 P , and M be a special partial matching of P . If x, y ∈ P with x < y and M(y) ≤ y, then
Given a finite poset P , we denote by ∆(P ) its order complex, which is the simplicial complex whose faces are the chains in P . As usual, for x, y ∈ P , we write ∆(x, y) for ∆([x, y] \ {x, y}). The following is Theorem 6.4 of [1] (we refer the reader to [1, Section 2.3] for a brief account on PL topology).
Theorem 2.5. Let P be a pircon and x, y ∈ P with x < y. Then ∆(x, y) is a PL ball or a PL sphere. Moreover, there exist x, y ∈ P , x < y, such that ∆(x, y) is a ball if and only if P is not a zircon.
2.2.
Coxeter groups. We fix our notation on a Coxeter system (W, S) in the following list:
the entry of the Coxeter matrix of (W, S) in position (s, t) ∈ S × S, e identity of W , ℓ the length function of (W, S), T = {wsw −1 : w ∈ W, s ∈ S}, the set of reflections of W , D R (w) = {s ∈ S : ℓ(ws) < ℓ(w)}, the right descent set of w ∈ W , D L (w) = {s ∈ S : ℓ(sw) < ℓ(w)}, the left descent set of w ∈ W , W J the parabolic subgroup of W generated by J ⊆ S, W J = {w ∈ W : D R (w) ⊆ S \ J}, the set of minimal left coset representatives,
Bruhat order on W (as well as any other order on a poset P ),
We make use of the symbol "-" to separate letters in a word in the alphabet S when we want to stress the fact that we are considering the word rather than the element that such word represents. If w ∈ W , then a reduced expression for w is a word s 1 -s 2 -· · · -s q such that w = s 1 s 2 · · · s q and ℓ(w) = q. When no confusion arises, we also write that s 1 s 2 · · · s q is a reduced expression for w.
The Coxeter group W is partially ordered by Bruhat order (see, for example, [3, Section 2.1] or [14, Section 5.9]), which we denote by ≤. The Bruhat order (sometimes also called Bruhat-Chevalley order) is the partial order whose covering relation ✁ is as follows: if u, v ∈ W , then u ✁ v if and only if u −1 v ∈ T and ℓ(u) = ℓ(v) − 1. The Coxeter group W , partially ordered by Bruhat order, is a graded poset having ℓ as its rank function.
The following well-known characterization of Bruhat order is usually referred to as the Subword Property (see [3, Section 2.2] or [14, Section 5.10]), and is used repeatedly in this work, often without explicit mention. By a subword of a word s 1 -s 2 -· · · -s q , we mean a word of the form • u ≤ w in the Bruhat order,
• every reduced expression for w has a subword that is a reduced expression for u,
• there exists a reduced expression for w having a subword that is a reduced expression for u.
The following results are well known (see, e.g., [9, Lemma 2.7 (Lifting Property). Let s ∈ S and u, w ∈ W , with u ≤ w.
-If s ∈ D R (w) and s ∈ D R (u) then us ≤ ws.
-If s / ∈ D R (w) and s / ∈ D R (u) then us ≤ ws. 
for all w ∈ W and s ∈ S.
Recall that, given w ∈ W , we say that M is a matching of w if M is a matching of the lower Bruhat interval [e, w]. For s ∈ D R (w), we have a matching ρ s of w defined by ρ s (u) = us, for all u ∈ [e, w]. Symmetrically, for s ∈ D L (w), we have a matching λ s of w defined by λ s (u) = su, for all u ∈ [e, w]. By the Lifting Property (Lemma 2.7), such ρ s and λ s are special matchings of w. We call these matchings, respectively, right and left multiplication matchings.
We refer to [7] and [8] for more details concerning special matchings of Coxeter systems.
Orbits in pircons
In this section, we provide some easy results on pircons that are needed later. We say that an interval [u, v] in a poset P is dihedral if it is isomorphic to an interval in a Coxeter group with two Coxeter generators, ordered by Bruhat order (see Figure 2) .
The proof of the following result is straightforward from the Lifting Property of special partial matchings (Lemma 2.4). Given a pircon P and two special partial matchings M and N of P , we denote by M, N the group of permutations of P generated by M and N. Furthermore, we denote by M, N (u) the orbit of an element u ∈ P under the action of M, N .
We say that an orbit O of the action of M, N is Note that an orbit with two elements w and N(w) = M(w) = w is dihedral, whereas an orbit with two elements w = N(w) and M(w) = NM(w) = w is chain-like (see Figure 4) . This is the only case when a dihedral orbit and a chain-like orbit are isomorphic as posets. by the definition of a special partial matching. We iterate this argument and obtain a dihedral orbit of rank r, where r is the smallest number such that · · · MNM r letters
Suppose that one of the two matching fixes z,
by the definition of a special partial matching.
If
by the definition of a special partial matching MNMN(z) ✄ N(z) and so MNMN(z) ✄ NMN(z). Again by the definition of a special partial matching, NMNMN(z) ✄ MNMN(z) and so NMNMN(z) ✄ z. The last covering relation is in contradiction with the fact that z is a maximal element in O.
We iterate this argument and obtain a chain-like orbit of rank r −1, where r is the smallest number such that · · · MNM 
Proof. Fix an orbit O and, by contradiction, 
. This is a contradiction since both M and N restrict to matchings of [0 O ,1 O ] by Lemma 3.1.
Notice that Lemma 3.3 for O dihedral (whose order complex is well known to be a PL sphere) follows also by Theorem 2.5, since a PL sphere can be a proper subcomplex neither of another PL sphere of the same dimension, nor of a PL ball of the same dimension.
Hecke algebra actions
In this section, we introduce certain representations of Hecke algebras with two generators, which are needed in Section 5. . Thus
Furthermore, we define an involutive automorphism I of M H by letting I(m wp ) = m w d−p−1 , and we sets 
Proof. Let us show that
If d is odd, thens = r and
since d − 1 is even. Therefore, the first diagram is commutative. The argument to show that also the second diagram is commutative is entirely similar and left to the reader.
The last statement follows by the commutativity of the above diagrams, since L s and L r define a Hecke algebra action by Corollary 2.3 of [10] and I is an isomorphism (note that there is a misprint in the definition of L(s) at page 485 of [10] ).
Recall that, given a pircon P and w ∈ P , we denote by SP M w the set of all special partial matchings of w. 
and
Proof. By Lemma 3.2, the orbit O can be either dihedral or chain-like. If O is dihedral then we can proceed in a similar way as in [6, Section 3] . So we assume that O is chain-like; let d − 1 be its rank and suppose (without loss of generality) that
Recall that we denote by W s,r;d the dihedral Coxeter group with Coxeter generators s and r subject to the relation given by m(s, r) = d. Let H = {r} and M H be the free Z[q 
The pullback of the representation of Theorem 4.1 is the desired representation.
Kazhdan-Lusztig R x -polynomials for pircons
In this section, we introduce and study the Kazhdan-Lusztig R x -polynomials of a pircon P . The construction mimics that of [6, Section 3] , but the proofs in this general setting are more complicated and use the results in Sections 3 and 4. Furthermore, for each x ∈ {q, −1}, there are possibly many different families of Kazhdan-Lusztig R x -polynomials attached to a pircon P . By the definition of a pircon, we can fix a special partial matching of v, for each v ∈ P \ {0 P }. If M is the set of such fixed special partial matchings, then we call the pair (P, M) a refined pircon and M a refinement of P . Definition 5.1. Let x ∈ {q, −1}. Let (P, M) be a refined pircon, where M = {M v ∈ SP M v : v ∈ P \ {0}}. The family of Kazhdan-Lusztig R x -polynomials {R x u,w (q)} u,w∈P ⊆ Z[q] of (P, M) (or R xpolynomials for short) is the unique family of polynomials satisfying the following recursive property and initial conditions:
and R x w,w (q) = 1 for all w ∈ P . Notice that
so the R q -polynomials are the R-polynomials in whose recursion −1 is appearing whereas the R −1 -polynomials are the R-polynomials in whose recursion q is appearing. The (at first glance unnatural) choice follows the usual terminology for the parabolic Kazhdan-Lusztig R-polynomials (see Subsection 6.2). The two families of parabolic Kazhdan-Lusztig R q -polynomials and R −1 -polynomials are associated with two modules, usually denoted M q and M −1 , respectively. For these two modules, the adopted notation is more natural than the opposite one.
The two families of R-polynomials satisfy the following properties.
Proposition 5.2. Let (P, M) be a refined pircon with rank function
Proof. The first two statements are straighforward by Definition 5.1. For the third, we need to show that the polynomials (−q) ρ(y)−ρ(x) R q x,y (q −1 ), for x, y ∈ P , satisfy the recursive property and the initial conditions in Definition 5.1. This easy computation is left to the reader. Let (P, M) be a refined pircon and w ∈ P . Mimicking [17, Subsection 4.1], we say that a special partial matching M of w calculates the Kazhdan-Lusztig R x -polynomials of (P, M) (or is calculating, for short) provided that, for all u ∈ P , u ≤ w, the following holds:
Thus the matchings of M are calculating by definition.
Remark 5.3. In general, the Kazhdan-Lusztig R x -polynomials of a refined pircon (P, M) depend on the refinement M. For example, let P be the pircon in Figure 5 , and let M and M ′ be any two refinements of P such that M contains the dashed special partial matching while M ′ contains the solid special partial matching. No matter what the other special partial matchings in M and M ′ are, the Kazhdan-Lusztig R x -polynomial R x v,1 P of (P, M) is (q − 1)(q − 1 − x) 2 and the Kazhdan-Lusztig
. Therefore, the dashed matching does not calculate the Kazhdan-Lusztig R x -polynomials of (P, M) and the solid matching does not calculate the Kazhdan-Lusztig R x -polynomials of (P, M ′ ). Notice that the dashed matching and the solid matching are not coherent. v1 P Figure 5 . A pircon and two of its special partial matchings Definition 5.4. Let (P, M) be a refined pircon and w ∈ P . We say that a special partial matching M of w is strongly calculating provided that the restriction of M to P ≤z is calculating for all z ∈ P such that z ≤ w and M(z) ✁ z.
Notice that, by Lemma 3.1, the restriction of M to P ≤z is indeed a special partial matching for all z ∈ P such that M(z) ✁ z.
Theorem 5.5. Let (P, M) be a refined pircon, w ∈ P , and M be a special partial matching of w.
Suppose that
• the restriction of M to P ≤z is calculating, for all z ∈ P such that z < w and M(z) ✁ z, and • there exists a strongly calculating special partial matching N of w that is strictly coherent with M.
Then M is strongly calculating.
Proof. By hypothesis, the restriction of M to P ≤z is calculating, for all z ∈ P such that z < w and M(z) ✁ z. Hence, we only need to show that M is calculating: if we fix u ∈ P , with u ≤ w, then we need to prove 
, and hence we are done if we prove
For all z < w such that M(z) ✁ z, the matching M restricts to a special partial matching of z, which is calculating (by hypothesis). If
Hence
for all f ∈ M O and all z < w such that M(z) ✁ z. Since N is strongly calculating, an analogous computation yields
for all f ∈ M O and all z < w such that N(z) ✁ z. An alternated use of these two formulae implies
, and
holds.
Definition 5.6. We say that (P, S) is a pircon system provided that (1) P is a pircon, (2) S ⊆ w∈P \{0 P } SP M w (3) for all w ∈ P \ {0 P }, there exists M ∈ S such that M(w) is defined and M(w) ✁ w, (4) for all w ∈ P \ {0 P } and all M, N ∈ S such that M(w) and N(w) are defined and satisfy M(w) ✁ w and N(w) ✁ w, the restrictions of M and N to P ≤w are S-coherent.
Theorem 5.5 implies the following result.
Corollary 5.7. Let (P, S) be a pircon system and x ∈ {q, −1}. All refinements M of P , with M ⊆ S, yields the same family of Kazhdan-Lusztig R x -polynomials (for which, all matchings in S are strongly calculating).
Proof. First note that, if (P, S) is a pircon system, then also (P, S) is a pircon system, where S is the set of special partial matchings obtained from S by adding all restrictions of M to P ≤z , for all M ∈ S and z ∈ P such that z ≤ w and M(z) ✁ z. Thus, we may suppose that S is closed under taking such restrictions, i.e. S = S.
Choose an arbitrary refinement M of P , with M ⊆ S (whose existence is assured by (3) of Definition 5.6). We need to show that all special partial matchings of w belonging to S are calculating, for all w ∈ P . We use induction on ρ(w), the case ρ(w) = 1 being clear (as before, ρ denotes the rank function of P ).
Suppose ρ(w) > 1. Let M ∈ S be a special partial matching of w and denote by N the unique special partial matching of w belonging to M. If M = N, then the assertion is clear since N is calculating by definition. Otherwise, M and N are S-coherent.
Suppose first that M and N are strictly coherent. By the induction hypothesis and the fact that S = S holds, the restriction of M to P ≤z is calculating, for all z ∈ P such that z < w and M(z) ✁ z, and, moreover, N is strongly calculating. Thus, we can apply Theorem 5.5, which implies that M is calculating.
If M and N are not strictly coherent, we can conclude by transitivity, since M and N are Scoherent. In other words, a pircon D is a dircon if and only if (D, w∈P \{0 P } SP M w ) is a pircon system. By Corollary 5.7, for both x = q and x = −1, a dircon has a unique family of Kazhdan-Lusztig R x -polynomials. The terminology comes from the fact that dircons relate to pircons in the same way as diamonds relate to zircons (see [6, Definition 3.2] ).
Applications
In this section, we show that examples of Kazhdan-Lusztig R x -polynomials of pircons include Kazhdan-Lusztig-Vogan R and Q-polynomials for fixed point free involutions and parabolic KazhdanLusztig polynomials of Coxeter groups.
6.1. Kazhdan-Lusztig-Vogan R-polynomials for fixed point free involutions. The orbits of the action of Sp(2n, C) on the flag variety of SL(2n, C) are parametrized by the set of fixed point free involutions in the symmetric group S 2n , or, equivalently, by the set ι = {θ(w −1 )w : w ∈ S 2n } of twisted identities, where θ is the involutive automorphism of S 2n sending s i to s 2n−i , for all i ∈ [1, n] (here s k denotes the simple transposition (k, k + 1), for all k ∈ [1, 2n − 1]). Note that θ(w) = w 0 ww 0 for all w ∈ S 2n , where w 0 is the longest permutation, i.e. the reverse permutation sending i to 2n − i + 1, for all i ∈ [1, 2n] . The set ι of twisted identities is endowed with a poset structure induced by the Bruhat order (all covering relations in this subsection refer to the induced poset structure). In this setting, the associated Kazhdan-Lusztig-Vogan R-polynomials are indexed by pairs of elements in ι and are uniquely determined by the following recursive formula and initial values (see [12, Proposition 5.1] ).
Proposition 6.1. The family of Kazhdan-Lusztig-Vogan R-polynomials {R x,y } x,y∈ι for fixed point free involutions satisfies the following properties:
• R e,e = 1,
where x * s = θ(s)xs for all x ∈ ι.
A similar result holds for the associated Kazhdan-Lusztig-Vogan Q-polynomials (see [12, Proposition 5.3] ). We refer the reader to [2] for more details on this subject.
We want to show that the Kazhdan-Lusztig-Vogan R-polynomials and Q-polynomials for fixed point free involutions lie in the theory of Kazhdan-Lusztig R x -polynomials of pircons. Indeed, we have the following result. In order to prove Theorem 6.2, we need some preliminary observations. We refer to [2] for more details concerning the set of twisted identities and its special partial matchings. As proved in [2, Theorem 4.3] , given w ∈ ι and s ∈ D R (w), the map x → x * s is a special partial matching of the lower interval [e, w] of ι. Following [2] , we call a special partial matching of this form a conjugation special partial matching. 
for all x ≤ w. The result follows by Lemma 3.2. So we may assume that M and N are both conjugation special partial matchings (say M(x) = x * s and M(x) = x * s ′ , for all x ∈ ι such that x ≤ w), and that M(w) = N(w) by Proposition 6.4. Let x = M(w) = N(w) and r ∈ D R (x). If r commutes with one among s and s ′ , then w * r ✁ w by Lemma 6.3. Hence C r : x → x * r is a conjugation special partial matching of w; since C r is strictly coherent with both M and N by Proposition 6.4, M and N are coherent. Thus we are reduced to the case where (s, r, s ′ ) = (s i−1 , s i , s i+1 ) and The Combinatorial Invariance Conjecture of Kazhdan-Lusztig polynomials is equivalent to the analogous conjecture on the combinatorial invariance of Kazhdan-Lusztig R-polynomials, and is still very much open (see [5] for a partial result). The problem of the combinatorial invariance of parabolic Kazhdan-Lusztig polynomials, which is clearly stronger than the combinatorial invariance of the ordinary Kazhdan-Lusztig polynomials, also attracted much attention but has only recently been found to be false (see [17] for a counterexample by Mongelli and [17, 18] for more details on this subject). 
Pircons and Stanley's kernels
After introducing the Kazhdan-Lusztig R-polynomials of a refined pircon (P, M), it is natural to look for the analog of the Kazhdan-Lusztig polynomials in this general context. Since, for Coxeter groups, these are the Kazhdan-Lusztig-Stanley polynomials of the Kazhdan-Lusztig Rpolynomials, one might want to define the Kazhdan-Lusztig polynomials of a refined pircon (P, M) as the Kazhdan-Lusztig-Stanley polynomials of the Kazhdan-Lusztig R-polynomials of (P, M). Unfortunately, in general, the Kazhdan-Lusztig-Stanley polynomials of the Kazhdan-Lusztig Rpolynomials of a refined pircon do not exist.
Let us briefly recall from [20] the definition of P -kernel and Kazhdan-Lusztig-Stanley polynomials. Let P be a locally finite graded poset, with rank function ρ. The incidence algebra of P over the polynomial ring R[q], denoted I(P ), is the associative algebra of functions f assigning to each nonempty interval [u, v] an element f u,v (q) ∈ R[q] (denoted also simply by f u,v when no confusion arises) with usual sum and convolution product: (f + g) u,v = f u,v + g u,v and (f · g) u,v = z:u≤z≤v f u,z g z,v , for all f, g ∈ I(P ) and all u, v ∈ P with u ≤ v. The identity element of I(P ) is the delta function δ, defined by δ u,v = 1 if u = v, 0 if u < v. An element f ∈ I(P ) is invertible if and only if f u,u ∈ R \ {0} for all u ∈ P . By convention, for all f ∈ I(P ), we let f u,v = 0 whenever u ≤ v. We say that f ∈ I(P ) is unitary if f u,u = 1, for all u ∈ P . Let so the R x -polynomials of this refined pircon do not form a P -kernel.
